STOCHASTIC PROOF OF UPPER BOUND FOR THE 
HEAT KERNEL COUPLED WITH GEOMETRIC FLOW, 
- ■ AND RICCI FLOW 

T— I 

^ . KOLEHE A. COULIBALY-PASQUIER 

o 
Q 

' Abstract. We give a proof of Gaussian upper bound for the heat kernel 

, coupled with the Ricci flow. Previous proofs by Lei Ni use Harnack 

' inequality and doubling volume property, also the recent proof by Zhang 

and Cao [6] uses Sobolev type inequality that is conserved along Ricci 
. flow. We will use a horizontal coupling of curve [T] Arnaudon Thal- 

' maier, C. , in order to generalize Harnack inequality with power -for 

inhomogeneous heat equation - introduced by F.Y Wang. In the case 
of Ricci flow, we will derive on-diagonal bound of the Heat kernel along 



' Ricci flow ( and also for the usual Heat kernel on complete Manifold). 



in 

(N 



1. Coupling and Harnack inequality with power 

^ ■ In the first part of this section, we wih focus on the operator of the type 

. Lt := ^Ag((), where ^g(^t) is the Laplace operator associated to a time de- 

pendent family of metrics g{t). We will suppose that all considered g{t)- 
Brownian motion is non explosive. For example when the family of metric 
comes from the backward Ricci flow, this have been proved in [7|. Let 7(t) 
be a C^{M) geodesic curve such that 7(0) = x and 7(1) = y and Xt{u) 
■ be the the horizontal L(t)-diffusion path space in C^{[0,T], M) over X^, 

started at u 1— )• 7(y). Let Xt{x) be a 5((i)-Brownian motion that start at x, 
//o,f the g{t) parallel transport, and W^ the damped parallel transport that 
. satisfies the following Stratonovich covariant equation: 

.c^_: *d{{//o,trH^o,t)) = -^(//o,t)-'(Ric,(t) -dt{gm*^'^'H'^o,t)dt 

with 

Wo,t : T^M Tx,i^)M, Wo,o = Wt.m • 

Proposition 1.1. The process Xt{'y{^)) satisfies the following stochastic 
differential equation : 

d^'(X,(7(^)))* = P*;f'"d^*XO(x) + i (7(|)))*7(|) dt 

Proof. We pass to the Stratonovich differential and obtain the following chain 
rule formula: 

*d{X,{j{-)))t, = *d(X.(7(7^)))*o + dto. 
1 1 dt t=to 
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We use Theorem 3.1 in [T| to identify the last term of the right hand side: 



Now we come back to the Ito differential equation using the following rela- 
tion: ^ 

<f^Yt = //t{d [ //;'*dYs), 
Jo 

and we obtain 

d^*o(X.(7(^)))to = /Ao(^^*° * ^(^.(7(^))). + ^//;'W(X,(7(^)))s(7(|))ds) 

= d^'o(X.(7(^)))to + ^W(X.(7(^)))to7(|). 
We use again Theorem 3.1 in [T] to identify 



□ 



Let 







In many situations the Novikov's criterion will be satisfied, so we could expect 
Rt to be a martingale. Define a new probability measure as : 

Q := Rt¥. 

Proposition 1.2. Suppose that Novikov's criterion is satisfied for Nf. Then 
under Q, the process Xt{'y{^) is a Lf-diffusion that starts at x, that finishes 
atXriy). 

Proof. One could directly apply Girsanov's theorem. We prefer here to give 
a direct proof. Let / G C^(M, R). Recall that Rt is a P- martingale, and 

t is an isometry for the metric g{t). Use Ito formula to compute : 
d{RJ{Xt{^{^)))) 

= \Rt^tf{Xt{i{^)))dt + dM! 
where Mf is a martingale for P. Also 

RtfiXtili^))) - ^Rt l^sfiXsiii^Ws = 
i?,/(X,(7(^))) -IJ^ R,AJ{X,{j{^)))ds + Ml 
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Where is a P-martingale. Use the fact that Ut is a Q-martingale if and 
only if RtUt is a P-martingale. So f[Xt{^[^))) - \ AJiXs{-f{j.)))ds is 
a Q martingale i.e. Xt(7(^)) is a Lt diffusion under the probability Q. It 
is clear that it finishes at Xxiy), so Xt{'^{-^))) be seen as a coupling 
between two Lj diffusions that started at different point up to one change of 
probability. 

□ 

Let aij{t) be a family of symmetric 2-tensors on M. We will consider the 
following heat equation coupled with a geometric flow. 

{dtgij = ai,j{t) 
dtflt,x) = ^Atf{t,x) 
/(0,x) = /o(x), 

Remark 1.3. Such flow, have been widely investigated in the literature. 
Let us mention the following situation: 

• The most famous case is when aij{t) := 0, this is the case of constant 
metric and equation 11.11 is the usual heat equation in M. 

• Oiij{t) := — Ricij((7(t)), that is the Ricci flow. 

• One can also consider aij{t) := —2hHij{g{t)), where Hij{g(t)) is 
the second fundamental form relatively to the metric g{t), and h is 
the mean curvature, when the family of metric comes from the mean 
curvature flow. 

In all these cases a notion of 5((t)-Brownian motion, i.e. a diffusion, 
parallel transport, and damped parallel transport has been given in [3l[2]. 

Let Tc be the maximal life time of geometric flow 5(i)tg[o,Tc[- For all 
T < Tc, let Xf be a g{T — t)-Brownian motion and //q^ the associated 
parallel transport. In this case, for a solution f{t, .) of (jl.ip . f(T — t,Xf{x)) 
is a local martingale for any x G M. So the following representation holds 
for the solution : 

f{T,x) :=EMX^)]- 

We introduced a further subscript T referring to the fact that a time 
reversal step is involved. 

Let W^j be the damped parallel transport along the g{T — t)-Brownian 
motion. Let us recall the covariant differential equation satisfied by this damped 
parallel transport |3] : 

*d{{//lrH^lt)) = -\i//lt)-H^^<^aiT-t) -^^^^ 
with 

All the over subscript T we will mean that the family of metrics is g(T — t). 
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Proposition 1.4. Suppose that there exist a,a>0 and K,^>0 such that 

-ag{t) < a{t) < ag{t), 

-Kgit) < Ric(t) < Kgit), 

then the g{t)-Brownian motion, and the g{T — t)-Brownian motion does not 
explode before the time T^.. 

Proof. This is a sufficient condition but it is far from being a necessary 
one, for the process to don't explode. Use the Ito formula for dt{xQ, Xt), 
the comparison theorem of the laplacian of the distance function, and the 
comparison theorem of stochastic differential equation. □ 

Remark 1.5. For the backward Ricci flow, the (7(t)-Brownian motion does 
not explode [7] , but the condition of the sufficient existence of the Ricci flow 
in complete Riemannian manifolds as given by Shi |8] theorem 1.1, that is 
the boundedness of the initial Riemannian tensor (for the metric g{0)) also 
gives a bound of the Ric tensor along the flow (for bounded time). So the 
conditions for non explosion of the <^(t)-Brownian motion given in the above 
proposition will be satisfied if the initial metric satisfy Shi condition for the 
complete manifolds. 

Proposition 1.6. Suppose that there exist C G M such that in a matrix sens: 

Ricgf^t) -a{t) > Cg{t). 
Then Rt is a martingale, and for /3 > 1 

E[i?f] < e^^^^-^^^ ~. 

Moreover suppose that there exist C € M such that in a matrix sens: 

Ricg(t) +Q(t) > Cg{t) 
then Rf is a martingale and for /? > 1 

Proof. Let v £ TxM. Then we use the isometry property of the parallel 
transport i.e. //^ : {TxM,g{0)) ^ {Tx^{x)M,g{s)) to deduce 

*d{W{X, {x))sv, W{X, ix))sv)g^,) = *d{//;'WiX, {x))sv, //;'W{X, ix))sv)g^o) 

= 2{*d//i'W{XXx))sV,//;'W{X,{x))sv)gio) 
= 2{//s*d//i'W{XXx))sV,W{XXx))sv)g(^s) 
= -((Ric,(,)-a,(5(5)))#^(^)(W(X.(x)),t;),W(X.(x)),7;),(,) ds 
< -C II WiXXx))sV f ds 
By Gronwall's lemma we get 

II W{XXx))sV \\g^s)<e-'^^' II V 11^(0) 
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Recall that AT, - _^ j-^*(pj|^{-)^V.^O(^)^ w(X,(7(#)))s7(t))9(^)' and PJ^^'^ 
is a g{s) isometry and = //sCidw^ where w is a M"-Brownian mo- 

tion, and (ei)i=i..„ is an orthonormal basis of T^M. Then 

{N)t = ^ r II W(X.(7(|))).7(|) Wlis) ds 



1 



- Jo " ^^T^ 

So by Nokinov's criterion, Rt is a martingale. Let /3 > 1, 

By the same computation we have 

<i II T(|,)fe<i» 

1 /■* 

Thus i?f is a martingale. Given /3 > 1 we have similarly. 



□ 



Remark 1.7. In the case of Ricci flow, dtg{t) = —RiCg(£^, then dtg{T — t) = 
RiCg(j'_t'^ so the process Xf{x) does not explode (we do not need proposition 
ll.4| but [3) and the condition of the above proposition is satisfied with C = 
and 

We are now ready to give the Harnack inequality with power. Let / be a 
solution of (jl.ip and let Pq.t be the inhomogeneous heat kernel associated 
to (dll, i.e. 

Po,Tfo{x) := /(T,x) = K^iUX^)]. 

Theorem 1.8. Suppose that the g(T — t)-Brownian motion Xj does not 
explode, and that the process R[ is a martingale. Then : for all a > 1 and 
/o G Cb{M) we have : 
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I Po,Tfo r (x) < n{Rl)~r~'Po,T i /o r (y)- 

Moreover if there exists C E M suc/i i/iai in a matrix sens: 

Ricg^t) +ait) > Cg{t) 

then we have: 

I Po,Tfo r i^) < e^(^^ ^Po,T I /o r (y)- 

Proof. We write := Xf{'y{j^)), and use 11.21 and Holder inequality. 

I Po,Tfo r (x) =1 ^"^[foix^)] r 
=1 E^[i2?/o(xf )] r 

<EW)^r^Eni/or (^f)] 
= EW)^r^E^[|/or (^f)] 

= ¥F[{I^)^r-'Po,T\fo\''{y). 
The last part in the theorem is an application of proposition 11.61 □ 

We will denote by fit the volume measure associated to the metric g{t), 
and for A a Borelian, Vt(^) := Idfit, and Bt{x,r) the ball for the metric 
g{t) of center x and radius r. . 

Corollary 1.9. Suppose that the hypothesis of theorem \1.8\ is satisfied, and 
that there exist C G M such that Ric^^^) +a(t) > Cg{t). Let fo G L"(^o)- 
Moreover suppose that there exists a function r : [0, T] i— t- M such that : 

I traceg(t) {a{t)){y) < r(t), V(t, y) G [0, T] x M 



then 



t(s) ds + 1 



I Po,Tfo I (x) < ====-^ II fo \\L-{^^o) ■ 

V 

Proof. If /o G Cb{M) n -L°(/io) we apply theorem [L8] and get : 



2 dj,(x,y) i_ 



-CT 



Po,Tfo r (x) < e^(^^ ^Po,T I /o r (y)- 



We integrate both sides along the ball Bt(x, /— ^— — ^^^), with respect to 
the measure fit, in y and obtain : 
2(a - 1)T2 



Vt{Bt(x, 



)) I Po,t/o nx)<e [ Po,T I /o r (y)^^AiT(y) 



<e / ^o,r|/or (y)t^/iT(y). 
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We have that ^/it(y) = ^ traceg(j)(a(t))(?/)d/X((?/), and by Stokes theorem 
we have : 

^ / Po,t I /o r {y)d^it{y) = I Po,t I /o r (y) ^Miy) 

<r{t) [ Po,t\for{y)dfitiy)- 



We deduce that : 

/ ^'o,* I /o r (y) df^tiy) < e^o -w-^^ II /o ||2.(^„) 

JM 



So for /o G C;,(M) n L"(^o) we have 

J(f T(a) ds + 1 

I i^O,T/o I (x) < ====— y II /o ||l-{/.o)> 



/^^)))^ 



and we conclude by a classical density argument that the same inequality is 
true for/o G L"(^o) • □ 

Corollary 1.10. // the family of metric comes from the Ricci flow and if 

{r{t)) = -l ini R{t,y) < oo,Vf G [0,T] 
z y€M 



then we have 



t(s) ds + 1 



Po,Tfo I (x) < ..^ 1 II /O IIl"{/.o) • 



Ifinfx£M {Vt{Bt{x, yf^^-^^))) ='■ Ct > then as an linear operator : 



T(s)ds + 1 

e a 

II-Po,t||l-(mo)'^l°°(mo) ^ 1 

2. non symmetry of the inhomogeneous heat kernel, and heat 

kernel estimate 

Let ^g{t) ■= Oi{t) where a is a time dependent symmetric 2-tensor; and 
consider Lf^x ■= — ^ + ^^g{t)- Let x,y £ M and < r < a < t and denote 



by P{x,t,y,T) the fundamental solution of 



(2.1) 

Recall that [3]: 



Lt^xP{x,t,y,T) = 
limtx^^ P{x, t, y, r) = 5x 



Xi{x)^Pix,t,y,T)dfio{y) 
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Let v,u £ C ' (M, M), that is differentiable in time, and differentiable 
twice in space. Consider the adjoint operator L* of L with respect to 
{Lu,v) := Jj^j{Lu)vdfitdt. It satisfies 

Lt,x = + ^ + 2*raceg(^t){a{t))- 
The fundamental solution P*{y,T,x,t) of L* , satisfy : 

1 lim^/'tP*(y,T,x,t) = Sy 
The adjoint property yields: 

P{x,t,y,T) = P*{y,T,x,t). 
After a time reversal, P*{y, t — s,x, t) satisfies the following heat equation 



(2.3) 



dsP*{y,t- s,x,t) = iAg(t_,)^yP* + ^traceg^t_,){a{t - s)){y)P* 
lims\o P*{y,t - s,x,t) = 6y 

Suppose that there exist functions r(t) and r(t)such that : 
^ sup traceg(t)[a{t)){y) < T{t) 

^ Jnf^*™ceg(t)(a(t))(y) > T{t) 
By Feynman Kac formula, we conclude that : 

P*{y, t-S,X,t)< ^0 rit~s+u)dup^y^ 

We now fix t. Let P(y, s, x, t) be the fundamental solution, defined by : 
/2 f dsP{y, s^x, t) = ^Ag(^t-s),yP{y, s, X, t) 

\ \\TQ.s\oP{y.S,X,t) = 5y 

We have in particular: 

xf^^'\y)^P{y,\,x,t)d^,t{x) 

(^r\ S dsf{s,x) = ^Ag^t_,)f{s,x) 

^ ' I f{0,x)=Mx) 

Theorem 2.1. Suppose that the + s)-Brownian motion does not explode 
before the time | and that there exists C G M such that Vs G [0, |] ; 

Ricg(^) -a{s) > Cg{s). 
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Assume that g{t — s)-Brownian motion does not explode before the time | 
and that there exist C G M such that Vs G [0, |].' 

RiCg(t_^) +a(t - s)> Cg{t - s). 
Then the fundamental solution of (jl.ip that we note P{x, t, y, 0) satisfies 



P{x,t,y,0) < e 



Proof. By the Chapman Kolmogorov formula we have: 

P{x,t,y,0) = [ P{x,t,z,l)Piz,l,y,0)dfii{z) 

P{x,t,z,^)P*{y,0,z,^)dfit{z) 

<(/ iPix,t,z,l)fd^dz))--{ [ iP*iy,0,z,hfdt,dz))K 
Jm ^ 2 JM ^ 2 

Recall that | + s, z, |) is the fundamental solution, that starts at at 
time s = 0, of : 



(2.6) 



dsfis,x) = iA^(|^^)/(s,x) 
/(0,x) = /o(x) 



Then we have : 

t 



Pq i/o(^) := /o(;t,x) = E[/o(X*-(x))] 

2 Z 2 

According to the proof of corollarv ll.9| we get that for /o G Cb{M) n -^^^(/Ut 



t 

e 2 



Podo I (^) < / ,,,, II /o IIl2(;.,) 

2J 
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Given xq £ M and n E N, we apply the above inequality to fo{y) := 
P{x,t,y, I) A {nIlB[xo,n){y)) to obtain : 

P(.x,t,z, l){Pix,t,z, 1-) hnIlB(xo,n){z))diit_{z) 

M ^ ^ 2 

-) A (n//s(3.g^„)(z))) d^t_{z) 

M ^ 2 

t 

J(f r(|+s)cia + l ^ ^ _^ 



e 2 

< — 



-) A d^ft (2;) 



2 



Letting ?i goes to infinity, we obtain that the heat kernel is twice integrable, 
and that: 

*N\2 , , s\ 2 ^ e 2 



Recall that: 



P*(y,0,x,^)<e^i'o"-H'^«P(y,i,^,i), 



where P(y, |, |) is the heat kernel at time |, that start at time at by, of 
the following equation: 



(2.7) 

We also have: 



dsf{s,x) = iA^(|_^)/(s,x) 
/(0,x) = /o(x) 



ni/o(^) :=/o(|,:r)=E[/o(X?»(x))] 
2 / 2 



Here the family of metric is s 1— t- — s), so many changes of sign are 
involved. However, the proof of the following is the same as the proof of 
corollary [m We get for /o G ^(M) n L'^ifJ.^) : 

t 

- Iq ds+1 

I ^'0,4/0 1 (y) < — , ' .„ II A ) ■ 

Similarly we can show the square integrability of the kernel and the following 
inequality: 
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t 

- In ds+l 



'MBoiy, 




We obtain 



{P*{y,0,z,l)fdf,,{z)y 

M ^ ^ 

<eyo^-iu)^-{lj\y,l,zi)d,.iz))' 

t 

^ - Jq^ da + 1 



{Vo{Bo{y, 




□ 



Remark 2.2. Having a heat kernel estimate for the heat equation we have 
simultaneously a kernel estimate of conjugate equation. 

Remark 2.3. If g{t) = g{0) is constant, and RiCg{Q-^ > we have r(t) = 
r(t) = 0, C = C = and we deduce Li Yau one diagonal estimate of the 
usual heat equation on complete manifolds: 

1 1 

Pt{x,y) < e- 



{Vo{Bo{x,^^))y {Vo{Bo{y,^^^))y 

Remark 2.4. For the Ricci flow, in dimension 3, there is a result of Hamilton 
that says : if the Ricci curvature is non negative at time 0, it is still non 
negative for all time before the critical time. In arbitrary dimension n, if 
we suppose that the Ricci curvature is positive at all times, we have the 
following one diagonal estimate (use the above theorem 12.11 with C = and 
(7 = 0) : 

P{x,t,y,0) < e 



{Vt{Bt{x,^^))Y (Fo(i?o(y,Vl)))' 

Recall that in the case of Ricci flow : r(s) = — ^ infjv/ R{s, .) and r(s) 
- \ sup^ i?(s, .) so we have : 

P{x,t,y,0) < e . 

2 



VtiBt{x,.n))y {Vo{Bo{y,Ji))) 



12 



K.A. COULIBALY-PASQUIER 



3. Grigor'yan tricks, one diagonal estimate to Gaussian 
estimate, the ricci flow case 

In this section we use the one diagonal estimate of the previous section 
to derive a Gaussian type estimate of the heat kernel coupled with Ricci 
flow (for complete manifold with non negative Ricci curvature) . The proof 
involves in several steps. In particular, we use a modification of Grigor'yan 
tricks to control exponential integrability of the square of the heat kernel, 
combined to an adapted version of Hamilton entropy estimate to control 
the difference of the heat kernel at two points. This type of strategy, is a 
modification of different arguments which appears in the literature on the 
Ricci flow ( Hamilton, Lei Ni , Cao-Zhang). Unfortunately, we have not 
been able to cover the case of general manifold (without assumption of non 
negativity of the Ricci curvature) . 

We start this section by the following entropy estimate. 

Lemma 3.1. Let f a positive solution of (11. ip . where aij{t) = —(JiiCg(^^-j)ij 
, i S [0, ..Tc[ and Mt := sup^.gj^/ /(|, x) then for all x,y £ M 



fit,x) < y/fit^y), M^e^^. 



Proof. By the homogeneity of the desired inequality under multiplication 
by a constant, and the homogeneity of the heat equation under the same 
operation, we can suppose that / > 1, in the proof. 

Using an orthonormal frame and Weitzenbock formula, we have the fol- 
lowing identity: 

(-5i+iA,(,))(^^)(x,t) = i( II Hessf-^^l^ \\ls +(Rict +5)(V/; V/) 
Thus, in the case of Ricci flow we get : 

By a direct computation we have : 

|2 



{-dt + iA,(,))(/log/)(x,t) = l^^(x,t). 



Let 



Ns := h{s){^^^j^){t - s,Xi{x))) + {flogf){t - s,Xl{x)), 

where X*(x) is a g(t — s)-Brownian motion started at x. If h{s) := -^-y— 
then by Ito formula, it is easy to see that A'^, is a super-martingale. So we 
have : 



E[No] < E[N_ 
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that is : 

7^f^(t, x) + (/ log m, x) < E[{f log f)C-,X\ (x))] 
4 / 2 2 

<E[/(|,Xi(x))]log(M*) 

2 2 2 

= /(t,x)log(M|). 

Where we have used that / > 1 and that f{t — s,Xl{x)) is a martingale. 
The above computation yields: 

llVfll 2 Ml 

" ^ll(t,x)<^log(— 



and consequently: 

After integrating this inequality along a g{t) geodesic between x and y, we 
get : 

\ log(T7-^)<A log(T7-^)+ *^ '^^ 



that is 



fit,x) < V/(t,y)^M|e^. 

□ 

Now, we adapt the argument of Grigoryan to the situation of Ricci flow 
(with non negative Ricci curvature) . We begin by recalling Remark 12.41 The 
assumption of the positivity of the Ricci curvature gives R{x, s) > 0. Let 
\if(t) := ei/o^^PA/KC^.Oci^* so the estimate in [231 becomes : 



P{x,t,y,0) < e- 



Vt{Bt{x,J'^))Y{Vo{Bo{y,J^))) 



Lemma 3.2. Suppose that the family of metrics g{t) comes from the Ricci 
flow, and let B he a Borelian in M. Then: 

1 < J{t) 



1 • 

2 



Vt{B)-2 VQ{By. 
Moreover if RiCg(.) > then for all x,y £ M and r > we have : 



1 1 
^ < 



Vo{Bt{x,r))-2 Vo{Bo{x,r))-2 
Proof. A simple computation computation shows that: 

= ^traceg^t){g{t))fit. 
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In the case of a Ricci flow this becomes ^nt{dx) = —^R{x,t)^t{dx). Thus, 
the first inequahty of the lemma follows from a direct integration. For the 
second point, it's clear that Ric > yields that dt{x,y) is non increasing in 
time. So Bn(x,r) C Bf(x,r), which clearly gives r < r- 

□ 



The above lemma immediately yields the following remark. 
Remark 3.3. If RiCg(.) > , and {g){t) = — RiCg(j) then we have: 

P{x,t,y,0) <e- 



Vo{Bo{x,^^))y{Vo{Bo{y,^^))y 

Proposition 3.4. Let g{t) be a solution of Ricci flow such that Ricg(t) > 0, 
and r>0,tQ>t>0, A>1. Let also : 



[O if dt{x,y)>r 



and A{t) = jQinfx^M{Ris,x))ds. Then for f{t,x) a solution of (jl.ip we 
have for t2 < ti < to : 



Jm Jm 
Proof. By direct computation and using intensively that RiCg(f) > 0. □ 



Let 



(t):= / f\t,y)fH{dy). 

JM\Bt(x.r) 



lM\Bt{x,r) 

Proposition 3.5. Under the same assumptions as in the above proposition, 
and ifp<r we have: 



Irih) < e-(^(*^)-^(*^))(/p(t2) + e^^ / f\t2,y)fit,{dy))- 
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JM\Bt-^{x,r) 
JM\Bt^(x,r) 
JM 



< e-(A(*0-Afe)) f f\t,,y)e^iy^'^^f,,Ady) 

JM 

<e-(A(*.)-Afe))( f f\t,,y)e^(y'^^^^,tAdy) 

\ a. i„. „\ 



+ / f{t2,y)e^^y'''^^^tAdy)) 

JM\Bt2 ix,p) ' 



^ JBt2{x,p) 



M 

Then remark that the definition of Ir{t) is independent of to and of the 
corresponding so we can pass to the hmit when to \ in the following : 

/r(ii)<e-(^(*^)-^(*^»(/,(t2) + e^fe^ / f{ti,y)f^tAdy) 

to obtain the desired result. □ 

We apply the above proposition to the heat kernel P{x, t, y, 0) of the 
equation (|2.ip that also satisfy (jl.ip . 

Theorem 3.6. // g{t) = —RiCg(i-^ and RiCg(j) > 0, and the following techni- 
cal assumption is satisfied for the initial manifold 

• HI : if M is not compact, we suppose that there exists a uniform 
constant c„ > such that Vol{Bg(^Q'j{x,r)) > c„r" (that is a non 
collapsing condition ) 

• H2 : all the curvature tensor is hounded for the metric {M,g{0). 

Then for all a > 1 there exist two positive explicit constants qa, nia de- 
pending only on a and on the dimension, such that we have the following 
heat kernel estimate : 

e-fo f ^^Pm -R(«.-)-i infM Biu,.)du dt(xo,yof 

P{yo,t,xo,0) < Qa 1 • 

{Vo{Bo{xo, Vt))YVo{Bo{yo, Vi))-^ 
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Proof. Let f{t,x) := P{x,t,y,0) be the heat kernel of (jl.ip that is the 
solution of equation (j2.ip . Then we have by the proof of theorem 12.11 



f{t,x)fit{dx)= / P'{x,t,y,0)nt{dx) 

M JM 

= [ P*\y,0,x,t)fitidx) 

JM 

-''{Vo{Bo{y,Vi))) 

g/g supjv^ _R(M,.)-infM R{u,.)du 

Let 0<p<r,A>l and t2 < t\ < to then apply proposition 13.51 to 
f{t,x) := P{x,t,y,0), to get : 



M 

(r-p)^ g/o^ snpM R{u,.)-miM R{u,.)du ^ 



Let a > 1 be a constant. Following Gregorian we define : := (^ + ^^12)'^ 
and tk:= ^. 

Thus proposition 13.51 can be applied to r^+i < and t^j^i < t^, yielding 
to the same estimate as before : 

(Vo(-Oo(y,Vifc+i))j 

(Vb(5o(y, vifcTi))) 

Applying recursively this inequality, we have for all k : 
(3.1) 

k -{ri-Vj+lf ^f!:'+^ SUpj^jR{u,.)du 

^ (Vb(5o(2/,Vti+i))) 

^ (Fo(5o(y, v*i+r))) 

where in the last inequality we use that RiCg^i^ > so R{x, t) > 0. 

We have lim^ yoolr^itk) = 0, by Levis asymptotic of heat kernel. This 

can be seen, using a probabilistic argument: use that for small t, Pxi^r < 
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t) < Ce~2t^ where Tr := inf t > 0,dt{Xt{x),x) = r, and 



[ P\x,t,y,0)iit{dy)<^ [ P{x,t,y,0)fit{dy) 

J{M\Bt{x,r)) t2 J{M\Bt(x,r)) 



fJTr < t) 



< cst- 



t2 

e 2t 



t2 



and the right hand side goes to when t goes to 0. (we used HI to get a 
global bound of the heat kernel i.e. remark [3^ . 

So we can pass to the limit when k goes to infinity in equation (|3.ip to 
get : 

' t'o (Fo(So(2/,^AT^))) 

Recall that - r^+i = ^.^3^'(._^^) and U - U+i = ^(1 - Also By 
Bishop-Gromov theorem in the case Ric > we have 

Vo{Bo{y,VU)) 

^ U ^ . — La- 



VoiBo{y,Vuri)) 
Iterating the above inequality we get : 



So we have : 



< (CaY 



2 



e-A(io)g/o°supj,^R(«,.)d« -(n-n+i) . 



1=0 



A(to)e/o° sup,, R{u,.)du ^ _il+mi±^ + ^i + l)log(ca) 

1=0 



1=0 



There exists a constant m(^a,A) such that ^^^_"-^^^^_^g^4 > ?Ti(a^^)(z + 2), and 
thus we get : 

g-A(to)g/*°sup^i^(.,.)d. - Z:Mf (,+2)+(*+l)io,(c.) 

Fo(i?o(y,^/t^)) ^ 
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If ^^^^1^ - log{ca)) > log{2) then 

^(*o)g/o° SUp^f i?(lt,.)du -™(a,A)''^ 

If <M2) then 



to 

{to) < I P\x,to,y,0)ntoidx) 

M 
IM 

g/o" ^^iPi\/ -R(">-)— infA/ R{u,.)du 

< e- 



Take A = 1, we have that for ah a > 1 there exists a constant qa := 2ea'2 
and rua ■= n^(a,i) such that : 

pJoSupf,j Biu,.)~miM Riu,.)du ^ ^2 

(3.2) Ir{t) < qa e- — 

Let Xo,yQ G M such that dt{xQ,yo) > \/t, let r := ^hlEMsX^ then by 
(|3.2p (with Ir{t) defined with f{t,x) = P'^{x,t, Xq,0) ), there exists Zq G 
Bt{yo, \[\) C M\Bt{xo,r) such that : 



Vt{Bt{yo,J-)P'{zo,t,xo,{)) < Ir{t) 



g/o SIPM Riu,.)-m{M R{u,.)du madt{xo,yo)^ 

- ^'^ {VoiBo{xo,Vi))) ' 



So there exists zq G Bt{yo, y 4) such that: 

^foSnpMR{u,.)-mlMRiu,.)du madt(^O.Vo)^ 

P (zo,i,2;o,0) < ga- 



(yo(i?o(xo,\/t))^t(St(yo,Vi)) 

We denote qa a constant that depends only of the parameter a and the 
dimensions, that possibly changes from line by line. By the above lemma 
(comparison of volume) we have : 

el /o ™PA/ R(u,.)-miM R(u,.)du madt(xo,yo)'2 

P{zo,t,xo,0) < qa^{t) 



y {Vo{Bo{xo, Vi))Vo{Bo{yo, 
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We conclude the proof by using lemma [3?T] (for f(t, x) := P{x, t, xq,0)) to 
compare the solution of the heat equation at different point. We have : 



P{yo,t,xo,0) < v^P(zo,i,xo,0) JsupP(., ^,xo,0)e 

V M ^ 



< VP(zo,t,xo,0) JsupP(., ^,xo,0)e4 



M 



< qa\/P{zo,t,xo,0) 



^(1)2 



use rmd3.3b,nd HI 



< 



5 e3 io ™Pm -R(".-)-infM R{u,.)du 



(Vb(i?o(xo, J '^))YVoiBoiyo, J i))^^ 



m.adt{xQ,y(j) 
-e 16* 



-e 16* 



where in the two last inequalities we use Bishop-Gromov theorem volume 
comparison theorem to compare volume of ball in positive Ricci curvature 
case to the corresponding Euclidean volume : 



4< 



CStn 



and 



< 



CStn{\) 



for A > 1. 



vo(BQ{x,r)) "''^^'^ vo(Bo{x,r)) — vo(Bo{x,Xr)) 

By the same argument we have in a more natural way : 



g/o f ™PA/ Riu,-)-l infM Riu,.)du madt(^o.yo)2 

P{yO, t, Xo, 0) < Qa T -e 16* 

{VoiBoixo, ^t))YVo{Bo{yo, Vt))- 

□ 

Remark 3.7. The constant | and ^ are far from being optimal. More- 
over, assumption HI does not seem to be be necessary. Hypothesis H2 is a 
sufficient condition for the existence in short time of the Ricci flow [8] . 

Remark 3.8. The above estimate also produce a control for the heat kernel 
of the conjugate heat equation. 

Remark 3.9. We could apply the same strategies for a general family of 
metric. 
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